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Abstract: As is known to all, to strengthen
and refine the famous arithmetic-geometric-
harmonic mean inequality H (w, a) < G (w,
a) < A (w, a), it has been becoming the focus
of the theoretical research of inequality
from estimating the mean difference. the
difference between the two inequalities
mentioned above is estimated by using
variance, and these results are strengthened
or generalized by using a consistent proof
model.
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1.Introduction
In  this  paper, we
neN,n=>2

that
az(al,az,m,an)eR" ,

assume

W:(WI,WZ,"',VV,1)6[071]n P} and

2w =l A(wa)=3Y" wa,

arithmetic mean of a, where v, >0i=1,2,--,n

is the weighted

is the weight coefficient. For ae(0,40)" the
power mean of a with weight p is

(X7 wa) " p =0

[T "

In particular,
G(w,a) =M, (w,a)
and H(w,a)=M ,(w,a) are the weighted

M, (w.a)=
p=0

A(w,a)=M (w,a) ,

arithmetic, geometric, harmonic means of a
respectively.

When w,=w, =---=w, =1/n,

we denote a7 (w,a) > A(w,a) > G(wa) and
H(wa) bY M,(a) » 4(a) » G(a) and H(a)
respectively. Also denote

M, (a)=(M,(a), M,(a),,
denote g(a),é(a)and H(a)-
As is known to all, to strengthen and refine the

famous arithmetic-geometric- harmonic mean
inequality

M,(d) ,and similarly
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H(w,a)< G(w,a)< A(w,a) (1)
has been becoming the focus of the theoretical
research of inequality from estimating the
mean difference.

Let 0<m<M s d :(al’azﬂ.”’an) € [m,M]n s then

there are some beautiful conclusions about the
upper and lower bounds with the mean
difference of A(a)—G(a) . Such as in paper
“Analytic Inequalities™ 1],

Lmin{w.} z (a,.l/z —a}/z )2 < A(w,a)-G(w,a)

. 1
— <i<,
n—1 tsisn I<i<j<n

(a_l/z ) )2 )

and
1

@KK]’SH
1 Z ww, (a[]/Z_ a2 )2 3)

< J
min {W;} 1<i<j<n

1<i<n

ww, (a:/z —a'/z)z <A(w,a)-G(w,a)

In “A refinement of the arithmetic mean-
geometric mean inequality” and “Handbook of
Means and Their Inequalities” >3], hold

, (4
iz“i‘w,(ayffi(w,a))zSA(w,a)fG(w,a)Siz:!w,(a,7A(w,a))’ ( )

and

5
ﬁ(z:;w,af—Gz(w,a))sA(w,a)—G(w,a)Si(z:!w,a,ﬁ—Gz(w,a))( )
The results in “Problem 247 and “Epecaric J
and Fink A classical and new inequalities in
analysis” [+ 5] be equivalent to

-a)

<A(a)-G o)< (©)

In fact, it is the special case of (4) when

_1.1In “A New refinement of the
n

W =W ==W,

arithemetic mean-geometic mean inequality”
(6] the author also obtain

1

) (7
Wzl'!w,(u,—G(w,a))’éA(w,a)—G(w,a)SﬁZLw,(a,—G(w,a)) ( )
Mercer in “Improved upper and lower bounds
for the difference of An-Gn” [7] respectively

strengthen (4) and (7) as follows
M—G(w,a) M 2
mz’:]m(ai—A(w,a» SA(w,a)—G(w,a)

G(w,a)—m

<2 S w(a,-A(wa)) (®)
< I A(ma)m) 2 0~ A00)
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and
M -G(w,a) S wla-G(w.a))
M (=G (wa)) ~26 (w.) (A (wea) =G (o)) 2™ (4= O ()
G(w,a)—m (9)

SZm(G(w,a)—m)JrZG(w,a)(A(w,a)—G(w,a))Z’:‘W' (a,—G(w,a))
There are many other forms of inequality on
A—-G , readers can refer to “Analytic
Inequalities” ™M and “Improved upper and
lower bounds for the difference of An-Gn” [l
to “Some Refinements of Ky Fan's Inequality”
[8]

In “Sierpinski’s inequality” [, Alzer, H prove

"1 g(a)+ L H(a)2G(a)  (10)
n n
In “A new method to prove and find analytic
inequalities” ['%, above result was intensified
" then

n’+4n—-4

rd(a)+(1-r)H (a)>G (@) (1D
In this paper, we will strengthen or popularize
(4)-(7) and (10), (11) by using aunanimous
model of proof, partial results have the similar
intensity with (8) and (9), but whose form is
more concise.

as follows: let ,. _

2. Relevant Result

Let Dc R" is a symmetric convex set

containing inner point, i =1,2,---,n,

denote

D, :{xeD|x, :gi”f{xk}}—{XEDM =x,=--=x,}

and

D, ={xeD\x‘ =lr2iS1}{xA}}—{xeD\x1 =x,=-=x,}

Lemma 2.1 Let 1< (0,+)
. Def. . .

function f:/"=D—>R 1S continuous

symmetric, and has continuous partial

derivative. If f /ox, > (<)6f /0x, permanent

holds n D, "D, , then for
Vael", f(a)=(<)f(A(a)), and the equality
holds ifand only if @, =a, =---=a,.

If take the functional transformation in
lemma2. 1, we obtain the lemma 2.2 and
lemma 2.3 as follows, and the proof can refer
to “Problem 395 [11],

Lemma 2.2 Let , function

Ic (0,+oo)

Def . . .
f:I"=D—->R is symmetric, and has

continuous partial derivative.

If x,0f |&x, > (<)x, 0f |Ox, permanent holds
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in D, D, then for VaeI", f(a)> (<) f(G(a))
and the equality holds
a=a,=--=a,.

Proof. Set

In/" ={lna:(lnal,lna2,~-~lna”)\aeI”}

if and only if

g:yehnl” —>f(ey1,eyl,...’eyn)

2 _S & _ S :
oy, Ox, dy oy
o8 I A _ o I

oy, Ox, dy - ox, Cox,

Then

b

When  y=lnxeln[DnD,| , hold
a_g_a_g:xli_xza_>(<)0.
ayl 6:)}2 axl axz

According to lemma 2.1, for Inaelnl” ,
¢(1na)2 ()¢ (A(a) that is £(a)2(<) £(G(a))-
Lemma 2.3 Let

Def.
P#0, 1<(0,4), function /1" = D — Ris

symmetric, and has continuous partial
derivative. If X 9 X o >(<)0
0ox, 0Ox,

Permanent holds in Dl mﬁz ,then for

and the

Vael" ,f(a)2(2)f(Mr(a)) ,

equality holds if and only if @, =a,=---=a,.
Proof.

Let (I")p:{x”|xel"} )
ye(r) = ()

gW)_ 1 o1,

_ J— —_— b

1 1

a p ox, p  Ox

oQ

g)_1 o 1,

=== =

W, P ox, p o,

when p>0 ,we get that g satisfy
og 0g on (D.)”and (B,)-

——-—>(<)0 i

oy, () ’

when p<0 ,thanks to Dip:(pp)' , SO
67g767g27l x‘*ﬂg,x‘*r’ﬁ >0

> oy p ] ox, ’ ox,

According to lemma2.1, for V. ael", hold
a’ e ([" )p and g(ap)Zg(Z(a” )), that is

(@) 2(2) f(M ,(a)).

3. Several Upper and Lower Bounds of

A(a)-G(a)
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Theorem 3.1
D NN ) Co R ()
211[(n71)M+G(a)]7 —o 2n[n ) m+G( )]
that is
S (aA@)
2[(n-1)M +G (a)] <A(a)-Gla)<
Proof. It is easy to

S (a-A@) = 3 a0y %0 (12) s

I<i<j<n
equivalent to (13).
Let

Yo b-46)) (13)
2[611)%0@]

prove

" 12(0—(1)2
s G- r R AL
then
o Sy CO20)

aT’1:”[(”_l)m"'c"(a)]_2}1251, [(n—l)m+G(a)]z _;+”T11
o __ad(4-a)

”1?%—”[("71)”1+G(a):| 2n’ |:n ljn1+G(a):'2

_(n—l)af—a,z;':zq G(a) Z (0'70,1)2

B n[(n—l)m+G(a)] - %G(a)

_4 lG(a)
n n

1
2;’12[()1—1)m+G(a):'2 non

b
and
L (4,-a)

6a a, o, :W[(n—l)(m+a2)—z:13a,—(n—l)m—G(a)} .
When a € D, "D, N[m,M]" ,obtain

“i’ g >M n—1)(a,+a,)—(n-2)a,—(n— mfa%a'l’
"0a, oa, n[( ()]{( D(a+a;)=(n-2)a,~(n-1)m-a, 2:|

nfl)erG a

=—(a'_a2) |:a”’:1[a’ll—a’1“j n—1)(a,-m :|>0.
n[(n—l)m-%—G(a)] : I : +( )( : )
According to lemma 2.2, for ¥V a € [m,M]n ,
hold f(a)zf((_;(a)),and
i(ai _aj)z

2n[(n—ym+G(a)]

3 (4(a)-G(a))?

—A(a)+G(a)

2 - Dm GGy GGG @

=0 .

this is the right of (12). Similarly, we can

prove the left of (13).

Remark 3.2 (12) is stronger than (6)
1

apparently, when w, =w, =---w, =— (13) is
n

stronger than (4) apparently, and is as strong
as (8). Next, we will prove (4) using (13). If
(i=1,2...n) all are rational numbers, we may as

well assume that w, (i=1,2,---,n) have the
same denominator, denote woh s
T
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then z,-:]Wizl and 7= Z‘]I ,For
vector
)yl ey ed,sd
ﬁ/—l ) ﬁ/_/
by (13), we get that
Yoia-5 2l Z"aa—izgw
[ T j z ta,— ,[H a < ( T : ’j

2[(T NM+y[],a }
ijlt' a’727:1 W’a' ] n n Z:':It’ al,Z:LIWﬂ’ ]
% <LmaTLa s %
ﬁz’”’lw,(a, z wa) <Z wa, H """ z w,(ai—z:!w,al)z.
That is (4). For Vwj (i = 1, 2, ..., n), as
irrational number is the limit of rational

number, so (4) hold as usual.
Theorem 3.3

3l )
22 M) g ( )
thai is

2 (a-A(a))

2nM(n—2)/(»x—1) . Al/(n—l) ((1)

Proof. As Z;(“i_A(a))zzl > (a,.—aj.)z

b

Z (ai_aj )2 14
SA(a)—G(a)S I<i<j<n ( )

znzm(nfl i/nAl/n (a )

SA(H)—G([I)< Z” ( ) (15)

/74/()

2nm

N <icizn
,s0(14) is equivalent to (15),we prove (14) as
follows.
Let
-2 1
frae[mM] oM A "(a)(A(a)-G(ap- Y (a,—a,),
I<i<j<n

then of 2nM VD 1/(n-1)-1

e e—— Ala)-

o= (@) " (4(0)-6 ()
2t D (4 1/(n=1) 1 2 _
+2n ( (a)) - 2; a, a
and
o 9 2oy @ —d, 1 .
a‘—z;fa‘—;:ZnM( M ).Lala? (A(a))( )G(a)72n(alfa2)
when aeD ND,N[mM] , obtain
I 7
Oa, O0a,

2}’1((11—612) (n=2)/(n-1) 1 n - n

v ;Z,zlai (I1e -ae

2n(a,—a vy (1 n-1 ) 1)/
ZM alm N 1)[7a1+—a2 a"ad"™" —aa,
aa, n n
—alaz]

By lemma 2.1, for V ae[m,M]" ,f@>f

(A(a)), that is the left of (14). Similarly, we
can prove the right of (14).
Remark 34 (15) is

2)/(n—l)'( 1n (n-

L \V(-1)
a""al |),;) (n=1)/n

al "a,

S 2n(q, _az)[a("’

1
aa,

stronger than (6),
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=w, =W, :l, (13) is stronger than
n

(4) apparently, and is as strong as (8). Be

similar to the proof of remark 3.2, we can

prove (4) using (15).

Theorem 3.5 Let :2—”1,

n_

A(a)-G(a) < 2l =G(@))

B (2n—k)m+kG(a)

when .

then

(16)
Proof. Let
frae [m,M]" - M—A(a)+G(a)

(2n7k)m+kG(a)

then ’
s 2(a, ‘G(“))[l-%%G(“)j—ic(a)z;(ai ~G(a))

60117 (2n k)m+kG(a)
fiG a z’ ‘(a —G(a)) 271+LG a
na, ( )[(2n—k)m+kG( )| o ona (@)
_2G( )_7G Zfl(a G )
(2n— k)m+kG(a)
LG(a) 2o, (4-G(a) 1 LG(a)

na, " [(2n-2-k)m+kG(a)] "

n  na
2

and
5/ af z(alz7a§)72(alia2)G(a)_al_a2
ﬁa, 6az (2n—k)m+kG(a) n

2 (a, —a,) G (a)

T w[(2n-k)m + kG (u)]{”(""":]’ u”:w - /H”:z]n ”'w
When a € D, "D, \[m

o o 2(a,-a,) B = L o =2n
alDa, azﬁazil7[(2n7k)m+kG(a)] n(aﬁraz) nflal @ n—1 %

B n’ ) 2(a1—a2) n—1 1 "74%
-1 n[(2n—k)m+kG(a):|

>0.

Thanks to lemma 2.2, for V ae[mM] ,

f(a)= f(G(a)), that s the right of (16).
Remark 3.6 When 1 ,(16) is

n
stronger than (7) apparently. Be similar to the
proof of remark 3.1, we can prove (7) using

M ]n , we obtian

ERE N

W=w, =W, =

(16).
Theorem 3.7
- |-
2.4 =G (a) —2aa =G (a), (17)
2M +2G(a) <A(a)-C(a)= 2m+2G(a)
Proof. Let

LS @-6(a)
n =

fiaclmM] > 2m+2G(a)

-Aq+d 4

then
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3/

o _ 7;7‘6;2(“)72G(a).:,*Z:':\“rz‘Gz(“)717 G(a)’
da, n(m+G(u)) na, (2m+2G(a))2 n na,
and

¥y e o
alaa1 a26al (m+G( )[al e ()]

When a € D sz ﬂ[m,M]n , we obtian

s U, a-a o
@ 0Oa, 6a1 (m+G(a)) GG MG A

g (4 e e

— By lemma 2.2, for
Voae[mM] s f(a)> f(G(a)), that is the left

of (17). Similarly, we can prove the right of

(17).
Using the proof of remark 3.2, by the theorem
3.7, we get the following corollary:

Corollary 3.8
> e -G (wa) _ > i -G (ma)  (18)
M 12G(ma) Al =6(ma) <= d)

Remark 3.9 (18) is stronger than (5).

4. A Stronger Inequality (Alzer, H.)
In “Sierpinski’s inequality” > Alzer, H proved:

”__1,4(@)+_H(a)zg(a) . In “A new method
n
[12]

to prove and find analytic inequalities” =,
above result was intensified as follows:

let, r:n2/(n2+4n—4) ,then
rA(a)+(1—r)H(a)2 G(a) .
will strengthen the inequality to the following
theorem 4.1.

In this section, we

(n—l)n’%1
p )
rA(a)+(l—r)H(a)ZG(a). (19)

Proof. When n = 2, it is easy to prove the
conclusion. When n >3, let

frae(0,40)" = qA(a)+(1-q) H(a) - G( a) ,

where q >r. Then

T4, 1-g—L— LG,

Theorem 4.1 Let » =

then

Oa, n alz(zai_l)z na,
i=1
and
0 0 1
af@‘—i—ai iz(al —az)[%(al +a2)—;G(a)}

When a € D1 N 132 ,we obtian
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of of r ] =l
afa—al—a22£>(a] —az)[n(a1 +az)—;al " ay

n-1 n-1
= Lza2 (a, —az){(n—l)n (t+1)=nt " }

=—a,(a,~a,)g(t)
1 1
where ,_ % ,g(t)=(n-1)" (t+1)—nt".
a2

As
g'(l)z(n—l)n;l—(n—l)lj’:z_”(n—l)”n_[”—(n—l)lv}
then g(t) is decreasing in (l,n—l) , 1s

increasing in (n -1, +oo) , and g(t) attain the

minimum value when ¢ =#n—1. Thatis
n-1

n-1
g(n—l)=(n—1)7(n—1+1)—n(n—1)7 =0.
so when aeDlmﬁz,afi_a§i>o hold.

Oa, Oa,

By lemma 2.3( p =—1), for V a, we get that
f(a)= /(M. \(a)=f(H(a)),

that is

qA(a)+(1—q)H(a)—G(a) >0.

Let g — r, the theorem 4.1 hold.

Remark 4.2 When2 < n < 27, itis easy to

n—1
prove (1= »’

n n +4n—4
n > 28, as

4 4 n-1
e <2n > eA”Sn[l+7l l) ?

by computer. When

n o +4n-4

so (19) is stronger than (10) and (11).

5. Conclusion

In this paper, we use this method to strengthen
and refine the famous arithmetic-geometric-
harmonic mean inequality, by employing
variance to estimate the difference between

Higher Education and Practice Vol. 1 No. 3, 2024
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above two inequality, and to strengthen or
popularize these results by using a unanimous
model of proof.
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