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Abstract: With the development of science
and technology and the progress of society,
differential equations have played important
roles in natural science, social science,
engineering technology, etc. By investigating
the properties of differential equation
solutions, some phenomena could be
explained, future development trends could
be predicted, and reference and theoretical
bases for decision-making could be provided.
However, in several cases, explicit solutions
cannot be derived for differential equations,
but wusing appropriate integral inequality
techniques, one could explore the existence,
uniqueness, vibration, stability and other
qualitative properties of differential equation
solutions and estimate solution sizes of
differential equations. Therefore, researchers
are investigating integral inequalities and
constantly enriching the existing
achievements. Based on previous research
works, a class of four-fold nonlinear integral
inequalities with unknown derivative
functions was established in this research. By
using various inequality analysis methods
such as variable substitution, amplification,
differentiation and integration, estimations
were provided for unknown functions in
quadruple integral inequalities. This type of
inequality could be applied to evaluate the
estimation of corresponding differential
equation solutions, so as to provide an
effective mathematical tool to solve practical
problems.

Keywords: Integral Inequality; Quadruple
Integral; Differential Equation; Estimation

1. Introduction

Differential equations have been extensively
applied in almost all fields of natural science.
For instance, in physics, differential equations
are being applied to describe objects movements,
vibrations and other phenomena. In chemistry, it
is employed to describe the kinetic process of
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chemical reactions, in engineering, it is used to
describe the dynamic behaviors of various
systems. In economics, it is employed to develop
different economic models, predict market
trends, formulate economic policies, etc.
However, investigation on integral inequalities
provides a fruitful theoretical tool to solve
differential equations.

Gronwall [1] developed the following integral
inequalities to evaluate the continuous
dependence of differential equation solutions on
the parameters.

u(t)y<c+ J:f(s)u(s)ds (t €la,b]) (1)

Where constant ¢ > 0. The estimated solution for
the unknown function was
u@y<cexp([ f()ds)  (tela.b]) )

Later, it was seen that Gronwalltype integral
inequality was an important tool to explore
differential and integral equations. Therefore,
researchers continue to investigate and
popularize it, so that its application range in
differential and integral equations continues to
increase [2-5].
In 1998, Pachpatte [6] investigated the integral
inequality involving unknown functions within
the integral sign and their derivatives. In 2014,
Zareen [7] further explored nonlinear integral
inequalities. In 2019, Huang and Wang et al.
[8-9] investigated a class of nonlinear double
integral  inequalities containing unknown
functions within the integral sign and their
derivatives as well as a class of triple integral
inequalities containing unknown derivations. In
2022, Lu and Huang [10] extended the results of
reference [8] to triple integration.
Based on the above research results, this
research constructed the following four-fold
nonlinear integral inequalities with unknown
functions within the integral sign and their
derivatives:

W(@) < p@) +g(@)u(@)+ [ [aEuE)+u'(€) +a(@)[ [e(@)u(o)

+u' (o) +e(@)]] A ((u(m) +u' () +d )] Lf (' (9)
x (u(p) +u'(9) + g(9)ldpldnldolds)
o €[w,,™) (3 )
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Estimation of unknown function in quadruple
integral inequality (3) was performed using
various inequality analysis methods such as
variable substitution, amplification,
differentiation and integration.

2. Main Result

In order to simplify the proof of the results, the
following Lemma was developed.

Lemma 1. [8] Let 4(w), b(w) c(w) be
nonnegative, continuous and given functions on
[w,.») > tespectively, and 4 () be an increasing
function on [, ) . Then, 4(») would be
unknown function satisfying the following
inequation.

ua)<ae)+[ KouoHo+| o (@efm,»)@)
If expEIna(w) —J: b(v)dv) —_[: c(v)dv>0, then

U< exple)-{ Kot o' (dgd) (9
Theorem 1. Suppose

p(@),q(0),a(w),c(@),d(o), f(0), g(w) to be
nonnegative and continuous and given functions
ON [, o) - The unknown functions ,(e) and

u'(w) are defined onpy, o). Then, u(w) would
be unknown function satisfying (3).
If
exptini(@)+[ Avdo)~[ Budo)-[ Qodo>0 (@elq,) (6)
then
) Su@)+ || OO+ OGO a0+ (T)
+aV)+(V+V V) v (we[a,)
where
Z(w)zz(expeln(u(@,)+j: A)dv)- j; B()dv)- j: C(v)dvy” ®)
A@):= f(@)p* (@) +[1+ a(@) +c(@) +d(@)]p(@) + g@) (D)
B(w): = g(@)+a(w)+a(@)q(w) +c(w) +c(w)g(w) (10)
+d()+d(0)q(0)+ [ (@) p(w) +2 f (0) p(w)g(w)
C(o):= f(@q(@)+ f(@)¢* (@)  (11)
Proof. Let
5(0) = u(@) + [ 1)@ +u' (@) +a@ [0 u(@) +u' (o)
(o) [d) () +u' ) +d@)[] [f (@n'(9)
x(u(p)+u'(p) + g(@)ldoldnldolds

o elw,,®) (12)

From 3) and (12), we
have; (w,) = u(w,) »u(@) < z,(®)

(@) < p()+ q(0)z,(0) (13)

Differentiating . () with respect to,, using (3)
gives
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zl(@) = u'(@) + a(@)[u(@) +u'(@)] + a(@)[ [e(o)u(e) +u'())

(@) [T 1 Culn) +u' () +d )] 1 (9w’ (9)

x(u(p)+u'(9)) + g(p)ldpldn]dc
< p(@) +q(@)z (o) + a(@)[ 2/ (o) + p(@) + g(@)z (0)]

+a(o)| [e(0)z(0) + p(0) +4(0)z,(0)]

+e(@)[] [z + p(n) +4(m)z, (1)
+d|] L/ @)(p(9)+ a(9)z(p)
x(z,(@)+ plo)+ q(p)z, () + g(@)ldoldnldo
= p(o)[1+a(o)]+[q() + a(®) + a(®)q(w)]z (@)

+a(@)]f [e(0) p(0) + (o)1 +q(0)z (o)
+e(@)] 1) p(m)+d (A +q(m)z,(7)

+OD) 1 (@) @)+ 1/ (9)p(9)

+2 (@) p(9)q(@)lz,(9) + [ [ (9)q(9)
+ £(@0)q* ()2 (9) + g()ldpldnldo

o €[w,,™) (14)
Let

2,(@)=2(@)+[ [e(0)p(0)+ (o)1 +4(0))z(0)
+e(0)] [dpn) +d(7) 1+ ()= 1)

+d (n)f; [f(@p"(@)+[f (9)p(p)

+2/(@)P(@)q(p))z (@)
+H/@a)+ (9 (@) () +g(@)ldgldnldo
w €w,,®) ( 15 )
Thenz2 (@) =z(w)>z(0) L z,(®)  welam,,0) (16)
From (14)-(16), we have
z(0) < () [I+a(@) [+g(@) +a(@qg(@) () +a(@)z,(0)
< po)[1+a(o) Hg(0) +a(@)+a(@g(@) (@)
o €[w,,») ( 1 7)
Differentiating . (») Wwith respect to,, using
(17) gives

2,()=2(@) + A @)pe) +() 1+ gl (@) +()] [dm)p(n)

+d(A+g()z, () +d! (U)J:: QA

+f (@) +2f (@) (@9 k(@)
+LA(@a@)+ 1 Dd @k (@) +g(@Holdn

< p(o)[1+a(@)]+[g(@) + a(w) + a(0) p(©)]z,(0)
+c(w)p(@) + c(0)(1+¢(@))z, ()

+e(@)f] d)pp +dm)(1+q(m)z,(n)

+ d(n)ﬂ” L/ (@p* (@) +L/ (@) p(@) + 21 (9) p(9)9(9)]

*2,(9) +[ 1 (9)a(@) + f(9)a” @)1z, (9) + g(@))d@ldn

= p()[1+a(w) +c(@)]+[g(@) + a(@) + c(@)g(@) + c(w)
+c(@)g(0) 2, (0) + C(w)]:: [d(n) p(m) +d(mA+q(m)z, ()

+d (77).[:’ L @r* @) +1f @) p(@)+2f (@) p(@)a(@)]

x2,(0)+ [/ (0)4(9) + f(9)7" (9))z, () + g(9)ldpldn
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(18)

o €[w,,™)

Let
z(0) =z,(@) + j: [d(m) p(n)+d )1+ q(17))z, (1)

+d)[ L@ @)+ 1/ (@)p(9)

+21(0) p(@)q(9)]z, (@) + [ [ (@) (@)
+/(0)a* @)z, (9) + 2(9)ldoldn
o elw,,») (1 9)
thenzs(a)u) =z,(w,) 2 z,(@) < zy3(w)» @ e[w,,®) (20)
From (18)-(20), we have
2(@) < p(@)[1+a(@) + (@) ]+[g(0) +a(@) + a(@)q(o)
+c(@)g(@) 2, (0) + A 0)zy(w)
< p(@)[1+a(@) +cd @) [+[g(@) +a(@) +a(@)g(@)
+()+d()g(@) (@)
€ [w,,%) (21)
Differentiating . (,) with respect to,, using
(21) gives
HA=z( AP H+DE(+d ) J: v @

HADHD 2 DI B

DX DF, @Dl
< POl +a(@)+d@)+g(@)+a(@) +a(@)g(@) +(@)
+c(@)g(@)lz;(0) +d(@)p(e) +d(@)(1+g(@) z()

+a’(co)fb (P @+ (@@ +2f (@)@ (9)
@@+ (DT DL (@) +g@ e

= P(O)1+ a(0)+ (@) +d(@)}+{g() +a(@) +a(@)g() +c(o)
+el@)g@)+d (@) +d(@)(@) (@)
@] [P @+ @Op(@)+2f @p@a()()

+H @@+ (@7 @)k (@) +g(@) ke

w elw,,™) (22)
Let
2(0)=z(@)+ [ [/ (@0’ @) +1/(©)p(@)
+2f(@)r(9)a(9)lz;(9)
+L/ (@)@ + [ ()0 @)z, (9) + g(@)ldo
o elw,,®) (23)

Then ; (w,)=z,(0,)>2,(0) < z,(0)> welq)(24)
From (22)-(24), we have
z(0) < p)I+a(@)+d@)+d(@) [+g(@) +a(o) +a@)q(w)
+d@)+d)g(@)+d(@D)g(@) (@) +d(0)z,()
< plo)[I+a(@)+d @) +d(@) [+[g(0)+a(w)+a(@)g(w)
+d@)+d)g(@)+d(@)+d()g(@) k(@)
o elw,,») (25 )
Differentiating - (») Wwith respect to,, using
(25) gives
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Z(@) = 2}(@) + f(@) (@) +[f (@) p(@) + 2 f (@) p(@)g(@) 23 ()
+/ (@)q(@)+ [ (@) (@), (@) +g(w)
< p(@)[1+a(@) + c(w) + d ()] +[q(@) + a(w) + a(@)q(w)
+c(w)+c(w)g(w) +d () +d(0)q(w)]z,(0)
+ f (@) p* (@) +[f (@) p(@) + 2 f (@) p(0)g(@)]z, (@)
+[f(@)g(@) + f(0)g* (@)]z, (@) + g (@)
=[f(@)p* (@) +[1+ a(@) + ¢(@) + d (0)] p(@) + g(@)]
+[q() +a(w)+ a(w)q(@) + c(@) + c(w)qg(®) + d(w)
+d(w)q(w)+ f(@)p(0)+2 f(0) p(0)g(@)]z,(w)
+HS (@)g(@)+ f(@)¢* @)z, ()
= A(0)+ B(w)z,(0)+ C(0)z, (®)

C()E[C()O,OO) (26)
where, 4(w), B(w),C(w) 1s defined by(9)~(11).
By replacing , with , in (26), then integrating
both sides of the inequality with respect to ,
f1rom(q to, gives

2@ <z(@)+] Avdo+[ Buzdv+ [ Qo O

o elw,,») (27)

Since equation (27) satisfies the requirements of
the lemma, an estimate of ; () in equation (27)

could be obtained according to the lemma.

2@ <(expling @)+ [ AV~ B Qo'

welw,,%) (28)
From (13),(16),(20),(24),we have
1(y) = 2,(0) = 2y(@,) = 2,(,) = 2,(®,) (29)
Therefore
z(@<(explnley)+{ Avad-[ Bod)-[ oy’ =)
@ elw,,®) (30)
where, z(w) is defined by (8).
Substituting (30) into (25), gives
zy(w) < p(w)[1+a(@) +c(w) + d(o)]
+[q(@)+a(w) +a(@)q() + c() + c(w)q(w)
+d(w)+d(w)g(0)1Z(w)
© e[@,,) (€2))

Integrating both sides of (31) gives
(@) < 2 (0)+ [ {pINT+a@)+e(v)+d ()]

+lg(w)+a()+a()g)+c(v)+c(v)g(v)
+d)+d)g)]Z(v)}dv

o €w,,») (32)
From (29) we know , () = -, (w,) » therefore we
have
z () Su(m,) + J: {p()[1+a(v)+c(V)+d(V)]

+g)+a(v)+a(L)g(V) +(V) +L)g(vL)
+d(v)+d(V)g(V)JAV) jdv

=u(ey) +[ PONI+a()+e0) +d(V)]
+g(V)1+a(V)+c(V)+d(V))+a(L) +c(V)+d(V) (V) }dv
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w €[®,,®) (33)
From (13), (16), (20), (24), we have
W(@) < 2,(0) < 2,(0) € 2,(0) < 2, () (34)

Therefore,
() <u(ey,) +J:: PN1+a(V)+c(v)+d(V)]
HgW(+aL)+d(V)+d(V))+aL) +d(V)+dV) V) Jdv
(35)

a)e[a)o,oo)

3. Application

In this section, we apply Theorem 1 to estimated
the solutions of differential-integral equations.
For example,

X(@=pa ) der+| REXOHOHE. x0=c (30)

where,  is a normal number and p(w), g(w)

are defined by Theorem 1. and

F e C(RxRxR,R)?

satisfies the following conditions

[F (@3 0)| S al@) ] + ]| + || |G.x. 3] dv}
Gle.3,,3) < c(@) |+ + || |H ©.x,.x,)|dv)

[H(@.x.0,)| <d(@) x|+ || + [ 7 0.3.3)]dv}

W (@.xx)| < @l |+ ]+ g@y G7)
where 4(w),c(w),d(o), f(0),g(w) 1s defined by
Theorem 1.

Suppose |y, a(w),c(),d (@), f (@), g()
the following conditions

exp-Infel+ [ A5 -] B&)dE) - C§ps>0

w €[w,,®) (38)
If x(w») 1s the solution to equation (36), we can

satisfies

estimate the magnitude of x (o) .
(@) <[el+ [T {pE)1+a(§) +e(§) +d(E)]+[g(&) +a(€)
+a(§)q(&)+e(€)+c(€)q(8) +d(&) +d(E)g(NZ(E)}dé
w €[w,,®) (39)
where
(40)

Z(w): = xp( —In(le]+ [ agras) - [T B&rag) - [ crae)”
A(w), B(w), C(w) 1s defined by (9)~(11).
Proof. Using condition (37) and from equation
(36), we have
(@) < p(@)+ g(@)tx(@)]+ [ Ta(E)|x(&)]+ ()
+a@)[] [e(@)fx(@)|+[x' (@) + c(@)[ (s +]s G
[ L/ @R @(x@)]+ [ () + g(p)dgldnidolae)
w elw,,») (41)

Since equation (41) has the form of inequality (3)
and satisfies the corresponding conditions in

226

International Conference on Humanities, Social
and Management Sciences (HSMS 2024)

theorem 1, the estimator (39) of the solution
module of equation (36) can be obtained by
using theorem 1.

4. Conclusion

In this research, a class of four-fold nonlinear
integral inequalities with unknown derivations
has been discussed. Using various inequality
analysis methods such as variable substitution,
amplification, differentiation and integration, the
unknown functions in four-fold integral
inequalities were estimated. The obtained results
can be applied to estimate differential equation
solutions.
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