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Abstract : In this paper, we discuss the
number of equivalence classes when a
permutation group acts on a finite set which
consist of mappings. First, we utilize some
general permutation subgroups to act on a
finite set consists of injective mappings. Next,
we extend the case of injective mappings to all
mappings from a finite set to a finite set.
Moreover, we show the case when some
general permutation subgroups act on a finite
set consists of some special mappings from a
finite set to a finite set. Finally, we give some
applications of this topic.
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1. Introduction

In this paper, we discuss the number of
equivalence classes when a permutation group
acts on a finite set which consist of mappings. In
many cases, we are not interested in the number
of objects, but rather the number of equivalence
classes of objects with respect to an appropriate
equivalence  relation. Moreover,  these
equivalence relations are often induced by
certain permutation groups in a natural way. [4,
Chapter 37] gives four examples for the number
of equivalence classes of mappings. However,
they only discuss the cases of equivalence
relations induced by cyclic and dihedral
permutation subgroups. Generally, there are
many other permutation subgroups.

As we shown above, in this paper, we introduce
some general permutation subgroups to act on a
finite set consists of mappings. Then we obtain
some general equivalence relations on this finite
set. It’s natural and logical to discuss the number
of equivalence classes of these general
equivalence relations. In Section 3.1, we utilize
some general permutation subgroups to act on a
finite set consists of injective mappings from a
finite set to another finite set. Next, we utilize
some general permutation subgroups to act on a
finite set consists of all mappings from a finite
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set to another finite set in Section 3.2. Moreover,
we show the case when some general
permutation subgroups act on a finite set
consists of some special mappings in Section 3.3.
Finally, we give some applications of this topic
in Section 4.

2. Preliminaries and Background
In this section, we review some preliminaries
and notations of group theory in [1, 3, 4].

2.1 Preliminaries

First, we review some basic facts of set theory.
For a nonempty set A, the number of elements in
A will be denoted by |A| . A equivalence relation
on A is a relation that holds between certain
pairs of A. We may write it as a ~ b and speak of
it as equivalence of a and b. An equivalence
relation is required to be:

« reflexive: Foralla € A, a~a.

» symmetric: Ifa~b, then b ~ a.

e transitive: Ifa~band b ~ ¢, thena ~ c.
Moreover, for any a € A, the equivalence class
ofa € A is defined to be {x € A|x~a}. Also,
a partition of A is a collection {Ai <A |i € I},
where I is an indexing set and

s A=ui€lAi,

«AiNAj=0,foralli,j € [ withi¥ j.

If ~ is an equivalence relation on A, then the set
of all equivalence classes form a partition of A.
Conversely, for any partition of A, the
corresponding equivalence relation is defined by
the rule that a ~ b if a and b lie in the same
subset of the partition.

Next, we introduce some concepts of groups. A
set G with a binary operation * is called a group
if the following conditions are satisfied:

1. The operation * is closed, i.e.a * b € G for
alla,b € G.

2. The operation * is associative, i.e. (a * b) * ¢
=a*(b*c)forallab,c € G.

3. There exists an identity element e € G such
thata*e=c*a=aforalla € G.

4. For every element a € @, there exists an
inversea—1 € Gsuchthata*a—-1=a—-1*a=
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e.
Moreover, a group is called abelian if the
operation * is commutative, i.e. a * b=Db * a for
all a,b € G. Also, the order of G, denoted |G|,
is defined as the number of elements in G. If |G|
< oo, then G is a finite group. Furthermore, a
nonempty subset H of G with binary operation *
is a subgroup of G if H is closed under products
and inverses, that is,

eforanyab E H,a*b € H,

«ifa € H, thena—-1 € H.

If {Hi:i € I} is a nonempty family subgroups,
then Ni€IHi is a subgroup of G. For any
nonempty subset K of G, let {Hi: i € I} be the
family of all subgroups of G which contain K.
Then Ni€IHi is called the subgroup of G

generated by the set K and denoted (K) .

Finally, we introduce some facts of group
actions. For a nonempty finite set A and a finite
group G, an action of the group G on the set A is
a function ¢ : G x A — A satisfying the
following conditions:

* d(e,a) =a forall a € A, where e is the identity
of G.

* d(gl ,0(g2,a)) = d(glg2,a)foralla € A and
gl , g2 € G. Moreover, let ~ be a binary
operation on set A defined by
a~bifandonlyifa=¢(g, b) forsomeg € G
Then the relation ~ is an equivalence relation on
A. Therefore, the equivalence classes of ~ forms
a partition of set A. As for the number of
equivalence classes of ~, we have the following
lemma

Lemma 2.1 (Burnside’s Lemma). Let G be a
finite group acting on a finite set A, then the
number of equivalence classes of ~ is given by

1 .
T 9eG

where Fix(g) = {a € A | ¢(g, a) = a} is called
the set of fixed points of g € G.

2.2 Formulation

In this subsection, we formulate the our main
problem of this paper. For simplicity, we only
discuss mappings

from a finite ordered set X = {1, 2,..., r} to
afinite set Y = {yl , y2,..., yn } . We denote the
set of all mappings from X to Y as Fr,n , and
Fr,n has nr elements. Next, we discuss some
special types of mappings in Fr,n. A mapping a :
X — Y is injective if and only if x1 # x2 implies
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a(x1 ) # a(x2 ) for any x1 , x2 € X . Also, a
mapping a : X — Y is surjective if and only if
foreachy € Y, there is a x € X such that a(x)
=y. A mapping a : X — Y is a permutation if
and only if a is surjective and injective. If a is a
permutation, then r = n. However, the converse
is not true.

Let Sr be the set of all permutations from X onto
X itself with a binary operation of composition
* . Then Sr is a group which is called the
symmetric group on the set X . Foran € Sr
and pairwise different elements x1 , x2 , ..., xs
e X, if

axi)=xi+l,i=1,2,..,s— 1, w(xs ) =x1, n(x)
=x,x € X\{x1,x2,...,xs },

then we call @ the s-cyclic permutation, which is
denoted by (x1 x2...xs ), or s for short. Each
permutation g € Sr can be represented as the
composition of some pairwise disjoint cyclic
permutations in Sr , that is, there exist some
pairwise disjoint cyclic permutations © 10 , ...,x
1dl 720 , ...,n2d2 , ..., w0 , ...;ardr € Sr such
that

g=n10* _.;w1dl * w20 *
* qmrQ* ... % qrdr,

where 1d1 +2d2 + ... +rdr =, wij1 # mij2 , w0 =
(1),i=1,2,..,r,j1,j2=1,2,..,di,and jl #j2.
We call g has the form of 1d1 2d2 ..rdr .
Moreover, we call g is an even permutation if
only and ifr — (d1 + d2 + ... + dr ) is an even
number. Otherwise, we call g odd permutation.
For a nonempty subset Mr,n of Fr,n and a
nonempty subgroup H of Sr , we introduce an
action ¢ : H x Mr,n — Mr,n, and forany g € H
anda € Mr,n,

(d(g, 9)(x) = a(g(x)), Vx € X.

Thus, we obtain a equivalence relation ~ and a
partition of Mr,n. According to Lemma 2.1,
when the subgroup H acts on Mr,n , the number
OLf equivalence classes are

1l g et [Fix(g)|,

where Fix(g) = {a € Mr,n | a(g(x)) = a(x), Vx
€ X} . In the next section, we discuss the
number of equivalence classes of ~ with some
special subsets Mr,n and subgroups H.

Lk m2d2

3. Main Result

In this section, we discuss the number of
equivalence classes of ~ with some subsets of
Fr,n and subgroups of Sr . First, we introduce
how to obtain subgroups in Sr . For a subset K
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of Sr , we can build the subgroup ( K)
Specially, for any element g € Sr, ( g) isa
general cyclic subgroup in Sr .

Next, we list some subgroups of symmetric
group Sr (permutation groups).

1. Ir = ( (1)) is the identity subgroup of Sr
and has only one element which is the identity.
2.Cr=( (12 ...1)) is acyclic group of Sr and
has r elements. Each element in Cr has the form

of 47 If d | r, then there exists @(d) elements of

the form 47 in Cr , where ¢ is the Euler function.
Ifd + r, then Cr does not have an element of

the form 47 .
3.D2r=( (12 ... 1), (rr — 1) ... 1)) is a
dihedral group of Sr (r > 3), and it has 2r
elements. Cr is a subgroup of D2r, which has r
elements. As for the remaining r elements, we
have the following two cases:

* Ifr is an odd integer, then there exists r
elements of the form 12°% in Cr .

e If r is an even integer, then there exists =

2
elements of the form 122 = .and
% elements of the g, 9% in Cr .

4. Sr itself is a trivial subgroup and has r!
elements. For any integer solution of 1d1 + 2d2
+..trdr=r,

there exists

r!

d1l!d2!..dr'1d1 2d2 ...rdr

elements of the form 1d1 2d2 .. .rdr.

5. Ar = ((123), (124), .., (12r) ) is the
alternating group consists of all even
permutations in Sr (r > 3).

It has ’—2' elements. For any integer solution of 1d; +

an even number, there exists

r!

dl!d2!...dr!'1d1 2d2 ...rdr

elements of the form 1d1 2d2 . . . rdr.

Next, we define Sk be the subset Sr, and for any
g € Sk, gl is a permutation from {1, 2,..., k}
onto {1, 2,..., k} and

gl (x)=x,x € {k+1,k+2,...,r}. (1)

On the other hand, we define Sr—k be the subset

of Sr, and for any g2 € Sk, g2 is a permutation
from

{k+1,k+2,..,r} onto {k+ 1,k+2,...,r} and
2 x=x,x € {1,2,...k}. (2)

By definition, it is clear that Sk is isomorphic to

Sk and Sr—k is isomorphic to Sr—k, respectively.
Also,
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we define Ck be the subset of Sr, and for any gl

€ Ck , gl is a k-cyclic permutation from {I,
2,..., k} onto

{1, 2,....,k} and

gl x)=x,x € {k+1,k+2,..,r}.(3)

On the other hand, we define Cr=k be the subset
of Sr , and for any g2 € Cr—k , g2 is a
permutation from {k + 1,k +2,...,r} onto {k+ 1,
k+2,..,r}and

g2 x)=x,x € {1,2,...k}. (4

By deﬁnij[ion, it is clear that Ck is isomorphic to
Ck and Cr—k is isomorphic to Cr—k, respectively.
Similarly, we can define Dék , Dér—Zk , Ai( and
Ar—k, where k>3 andr — k > 3.

For any subgroup H1 in Si( and subgroup H2 in

Sr—k, since H1 * H2 = H2 * H1 and H1 N H2 =

(D},
H1 *H2 is the inner direct product of H1 and H2

in Sr . Thus, it follows that H1 *H2 has [H1 ||H2
| elements. By the subgroups listed above, we
can induce more subgroups of Sr by inner direct
product operation. For example,

6. Ck * Cr—k = ((12...k), (k + 1)(k + 2)...r)) has
k(r — k) elements.

7. D2k * D2r—2k = ((12...k), (k(k — 1)...1), ((k
+ 1)(k + 2)...r), (r(t — 1)...(k + 1))) has 4k(r —

k) elements. We consider the following four
cases:

8. Ak * Ar—k = ((123), (124), ..., (12k), ((k +
Dk + 2)(k + 3)), ..., ((k + D)k + 2)r)) has

.1.:!5 r—k)!
1 elements.

9. Ck * D2r-2k = ((12..k), ((k + D(k + 2)...r),
(r(t — 1)...(k + 1))) has 2k(r — k) elements.

10. Sk # Sr—k has k!(r — k)! elements.

When an inner direct product group H1 * H2
acts on Mr,n , if a is equivalent to b in Mr,n ,
then there exists g € H1 * H2 such that g =gl *
g2 ,where gl € H1,g2 € H2 and

a(g(x)) =b(x), Yx € X.

Since gl € H1 and g2 € H2, by (1) and (2), it
follows that

a(gl x))=bx), vVx € {1, 2,..,k},

a(g2 x))=bx), Vx € {k+1,k+2,..,r1}.
Conversely, it is easy to check that a is
equivalent to bin Mr,n. Therefore, the number of
equivalence classes of Mr,n are
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1 1
(m . (m .
gl erl [Fix(gl))), g2 €2 |Fix(g2 )|),.

3.1 The Set of all Injections from X to Y

In this subsection, we discuss the set of all
injections from X to Y , which is denoted by
Xr, n Ifr > 1, then Xr,n = o . Otherwise, |Xr,n |

= Ta=r)! r)’ . Thus, we only the case when r < n.
When the subgroup H acts on Xr,n, forany g €
H, ifa € Xr,n is a fixed point of g, then a(g(x))
= a(x) for any x € X . Since a is an injection
from X to Y , it follows that g(x) = x for any x
€ X, which ensures that g is an identity
mapping. Therefore, when the subgroup H acts
on Xr,n , only the identity in H has fixed points.
Moreover, if g is the identity mapping, then for
any a € Xr,n, a is a fixed point of g. Thus, the
total number of fixed p01nts of

the identity mapping are Tyl r}' . By Lemma 2.1,
1
the number of equivalence classes are || g €#
1 n!
[Fix(g)| = [H| (n —r)!

Next, we use some special subgroups H acts on

Xr,n.

1. When Ir acts on Xr,n (n > r), since |Ir | = 1,
n! .

there are (n—7)' equivalence classes.

2. When Cr acts on Xr,n (n >r), since |Cr | =T,
!

there are r(n—r)' equivalence classes.

3. When D2r acts on Xr,n (n>r1 > 3), since |D2r

| = 2r, there are 2r =) equ1valence classes.
4. When Sr (n > 1) acts on Xr,n , since |Sr | =r1!,

there are (n—7! equivalence classes.
5 When Ar acts on Xr,n (n>r > 3), since |Ar | =

 there are ‘(n J)’ equivalence classes.
6. When Ckﬂ< Cr—k acts on Xr,n (n > r > k),

since |Ck* Cr—k | = k(r—k),there are m
equivalence

classes.

7. When D2k *-- D2r—2k acts on Xr,n (n>r1>k
> 3), since |D2k * D2r-2k| = 4k(r — k), there
are

!

Ak (r—k)(n—)! equivalence classes.

8. WhenAk#< Ar—kacts oann(n>r>k>3
K (r—k)!

r— k > 3), since |Ak * Ar—k| = = :

4n!

are k!(r—k)!(n—r)l equivalence classes.
9. When Ck *,, D2r-2k acts on Xr,n (n >r >k >
3, r — k > 3), since |[Ck * D2r-2k| = 2k(r —

, there
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k),there are m equivalence classes.

10. When Sk * ’Sr—k acts on Xr,n (n >r > k),
since Sk * Sr—k | = kl(r — k)!, there are
equivalence classes.

Example 3.1. I[f r =7, k = 3 and n = 8, then we
have that

1. When 17 acts on F7 .8
40320 equivalence classes.

2. When C7 acts on F7 ,8
5760 equivalence classes.

8!
3. When D14 acts on F7 ,8 , there are 2x7<(8=-7)
= 2880 equivalence classes.
8!
4. When S7 acts on F7 ,8 , there are 7"x(3-7)' = 8
equivalence classes.

8!
, there are (-7 =

8!
, there are Tx(8=T)I =

2x 8!

5. When A7 acts on F7 ,8 , there are 7"x(3-7! =
16 equivalence classes.

6. WhenCa*( acts on F7 ,8

3% (7= ﬂ)x(b 7! =3360 equivalence classes
7. When D6* Ds acts on F7 .8 , there are

8!
1x3x(T=3)x(3-7)! = 840 equivalence classes
8. When A 3*A4: acts on F7 ,8 , there are

AR5 X (87 = 1120 equivalence classes.
9. When Cs*Ds acts on F7 ,8 , there are
W = 1680 equivalence classes
10. When S3*Si acts on F7 ,8 , there are

—b .
3(7-3)1x(8=7)! = 280 equivalence classes.

, there are

3.2 The Set of all Mappings from X to Y

In this subsection, we discuss Fr,n. When the
subgroup H acts on Fr,n , for any r-cyclic
permutation zir in Sr, if a € Fr,n is a fixed point
of nr , then

axl)=a(nr (x1))=ax2)=a(mr (x2))=..=
a(xr) = a(mr (xr)).

Conversely, if the conditions above hold, it is
easy to check that a is a fixed point of mr . Thus,
|[Fix(mr )| = n.

Moreover, for any g = nsl * ns2 € Sr, where
wsl is an s1-cyclic permutation and wts2 is an s2-
cyclic permutation. If a € Fr,n is a fixed point
of g, then

a(x1l )=a(msl (x1))=ax2)=a(nsl (x2))=...
=a(xsl )= a(nsl (xs1)),

a(xsl +1 ) = a(ms2 (xsl +1 )) = a(xsl +2 ) =
a(ms2 (xs1 +2)) = ... = a(xsl +s2 ) = a(ws2 (xsl
+s2)).

Conversely, if the conditions above hold, it is
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easy to check that a is a fixed point of nr . Thus,
|[Fix(nsl * ms2 )| =n2.

Generally, for any g € H such that g has the
form of 1d1 2d2 ...rdr , we have that

Zr:di
|Fix(g)| = ni=
In conclusion, by Lemma 2.1, when the
subgroup H acts on Fr,n , the number of

equivalence classes is
Zr: d;
Z ni=1 .

LS [Fix(g)] =
gEH

H

\H| =
Next, we use some special subgroups H acts on
Frn.

1
| H|
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1. When Ir acts on Fr,n, there are nr equivalence
classes and each contains one element.

%. When Cr acts on Fr,n , there are

— @ (d)ni

. %: ¢ (d)

equivalence classes.

3. When D2r acts on Fr,n (r > 3), we consider
the following two cases:

« Ifr is an odd number, then there are

2r d r+l
: (Z i (d) nd + T"?},JZ;)

dlr

1

1 r 1 oep
- Z p(d)nd +-n"7.
2 i 2

equivalence classes.
« Ifr is an even number, then there are

]_ T T r+2 T r ]_ T J_ r+2 J_ i
pldnd + —n 2 +—-n2 | = pld)nd +-n2 + -n2.
o (%: ?(d) 2 2 ) 2 ; ? () 4 4
alr ar
equivalence classes. 4.
When Sr acts on Fr,n , there are
- d, rl "~ d, n+r—1)l
L E -??,El . 1 E ” -]r?,‘;l o w
r! rl 2 o dilds!...d 141 2d2  pdr rl(n—1)!
1 2T s r=7r

equivalence classes. For convenience, we denote

n+r—1)! 1 . .
ﬂ = r—'(t,.n’ it L+ tin).

5. When Ar acts on Fr,n , where r > 3, for any g
€ Ar,r—(dl +d2 +... +dr) is an even integer.
We consider the following two cases:

rl

* Ifr is an odd integer, then d1 + d2 + ... + dr is
an odd integer. Thus, Ar has all elements g in Sr
that g has the form of 1d1 2d2 . . . rdr, where d1
+d2 + ... + dr is an odd integer. By Lemma 2.1,
the number of equivalence classes are

r

> di 2

2 Sdi 2
5 > niE = 5 >
gEH dy+2da+.. . Ard.=r
* Ifr is an even integer, then d1 +d2 + ... +dr is
an even integer. Thus, Ar has all elements g in
Sr that g has the form of 1d1 2d2 . . . rdr , where
dl +d2 + ... + dr is an even integer. By Lemma
22. 1, the number of equixzzalence classes are
g e ni Z1di="!dl +2d2 ¥ 4rdr =r
rl 2

dyldg!...d, 1122 pdr 30 41— ! (trnr +tr—2nr—2
+...+tln2).
6. When Ck * Cr—k acts on Fr,n , since Ck is
isomorphic to Ck and Cr—k is isomorphic to
Cr—k, Ck acts
on Fr,n is equivalent to Ck acts on Fk,n and

Cr—k acts on Fr,n is equivalent to Cr—k acts on

Fr—kn,

respectively. Thus, there are

1 ! 41
(Z w (d) nd 4 kn't

4k(r — k) |k
«If2 4 kand2|r—k, then the number of

90

dyldy!..d, 1124z pd-

1
r—

ni=t = T—'(t,.-n" +t_on" T 4 4 tin).
1 )
% Z v (d) nd

o) |

equivalence classes.
7. When D2k * D2r—2k acts on Fr,n , where k

>3 and r — k > 3, since D2k is isomorphic to
D2k and

D2r—2k is isomorphic to D2r—2k , D2k acts on
Fr,n is equivalent to D2k acts on Fkn and
D2r—2k acts on Fr,n is equivalent to D2r—2k acts
on Fr—k,n, respectively. Thus, there are a total of
4 cases because k and r — k can either be odd or
even.

«If2 4+ kand?2 t r—k, then the number of
equivalence classes are

equivalence classes are

> elen =

e|l(r—k)

r—k
3]

+ (r— L)nr—_iﬂ

> wen

elr—k
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1 . »
T —h) (Zap(d) b 4
PN

oo

-If2|kand2J( r — k, then the number of
Z"’ u’);f:rH +—n =

d|k
o If2 | k and 2 | r —k, then the number of

Eow

o= ) Zy (d) na +—n =N Eni
i

e|lr—=k

’IL .
3

8. When Ck * D2r—2k acts on Fr,n , where
r—k > 3,since Ck is isomorphic to Ck and

Ifr is an odd number, then there are

Z .

L3
12

) (Z p()n"= +(r—kn )
elr—k

)(z

r—k
Z ple)n = + —
| =k 2
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d

r—k +-r—k
n
2 2

r—k42
z

equivalence classes are

equivalence classes are
r—k r—k
y :

r—k
n 2

r—k42
1 2

+

D2r—2k is isomorphic
to D2r-2k, similarly, there are 2 cases
depending on parity of r — k.e

r—k (Zy u’)n%) (Z -f(e)-n'":k + (r—Fkn i)
d|k |r=k

equivalence classes.
« Ifr is an even number, then there are

L &
Ue(r — k) (Z @ (d) -m) (
equivalence classes.

d|k
9. When Ak.* Ar—k acts on Fr,n , where k >
3 and r — k > 3, since Ak is isomorphic to Ak
and Ar—k

is isomorphic to Ar-k , Ak acts on Fr,n is

d e

elr—k

equivalent to Ak acts on Fk,n and Ar—k acts
on Fr,n is

equivalent to Ar—k acts on Fr—k,n,
respectively. Thus, there are also 4 cases.
«If2+ kand2 t r— Xk, then the number of
equixlfalence classes are

Kiir—F)! (tk nk + tk—2nk—2 + ..
n)(tr—knr—k + tr—k—2nr-k-2 + ... + t1 n).
«If2 + kand?2|r -k, then the number of
equi;falence classes are

+ tl

Kir =k (tk nk + tk—2nk-2 + ... + tl
n)(tr—knr—k + tr—k—2nr-k-2 + ... + t2 n2).
«If2|kand 2 f r -k, then the number of
equi}falence classes are

Ki(r —k)' (tk nk + tk—2nk—2 + ... + t2 n2
)(tr—knr—k + tr—k—2nr—k—2 + ... + tI n).

*If2 | kand 2 | r — k, then the number of
equixlfalence classes are

El(r —k)! (tk nk + tk—2nk—2 + ... + t2 n2
)(tr—knr—k + tr—k—2nr—-k—2 + ... + 2 n2).

10. When Sk #*...Sr—k acts on Fr,n , since Sk is
isomorphic to Sk and Sr—k is isomorphic to
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(e)n—™ + >

r—k r—k r—k

r—ki2
2 ?;’, 2

r—k

n

Sr—k , Sk acts
on Fr,n is equivalent to Sk acts on Fk,n and

Sr—k acts on Fr,n is equivalent to Sr—k acts on
Fr—k,n,
respectively. Therefore, there are

1

Rir—F)' (tk nk + tk—Ink—1 + ...
n)(tr—knr—k + tr—k—1nr—k—1 + ... + tI n)
equivalence classes.

Example 3.2. If r=7,k =3 and n = §, then we
have that

1. When 17 acts on F7 ,8 ,
2097152 equivalence classes.
%. When C7 acts on F7 ,8 , there are

(o(1) x

x (1 x 87 46 x 8) = 299600

+ tl

there are 87 =

7 X
oz I 1
81 +-{3(7) X 87) ==

i
equivalence classes.
3. When D14 acts on F7 ,8 , there are
1

14 (p(1) *

equivalence classes

AE. When S)7' acts on F7 ,8 , there are
B+T7—1

m = 3432

equivalence classes.

§2 . When A7 acts on F7 ,8 , there are

ﬁ><(1><87+175><854—1624><83+720><

81)=3440
equivalence classes.
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6. When C3 *.. C4 acts on F7 ,8 , there are
1

12 x (o(1) x
al+y(z)xss) (;p(l)xé'%%—l—p(?)xé%%—l—;p(-’l)
=183744
equivalence classes.
7. When D6’
* D8 acts on F7 ,8 , there are

1

48 x (p(1) x 81+ (3) x 87 +3 x 8

*(o(1) x
1
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oy L
s )—lEX(1X83+2><8) X (1% 84+1x82
+2 % 8)

2

¥ y 1 4 o8
8T‘+ap(2)><8%+a,(1)><81+§xa‘“ zx?“)

=48 x(1x83+2x81+3x82)x(1x84+1x82+2x8+2x83+2x

82)
=79920
equivalence classes.

8. When C3 * D8 acts on F7 ,8 , there are

81 +y(%)><zii) (ap(l) x 8% 4+ (2) x 8% 4+ o (4) x 87 +

X(IXx84+1%x82+2x8+2x83+2x%x82)
=177216

equivalence classes.

9. \17Vhen A3 * A4 acts on F7 ,8 , there are

B Al (1 x83+2x8)x(1x84+11x82)
=70400

equivalence classes.

10.1When S3 * S4 acts on F7 ,8 , there are

Bl (1 x83+3%x82+2x8)x(1x84+

[

31 +9(2) x 3% +9(4) x 3% +5(8) x37) =
equivalence classes.
3. When D16 acts on F8 ,3 , there are
1
16 x (p(1) x
8 8 8 8 8 842 8
3T+ (2)x37+p(4) x 3T+ p(8) x 35 -|—§ x 3% +§ X
3%) S
=16x (1 x38+1x34+2x32+4x31

+4x35+4x34)
=498
equivalence classes.

3

equivalence classes.
1
60

92

+e(3) x 3%)%-@(1) x 31 4 ¢ (5) x 3%)

1
24 x (o(1)

4 a4 4
— x87F 4 - x82
2 2 )

1
24 x (1 x 83 +2 x 8)

10! 11!
6x83+11 ><82+6><81):3!><TI><-'1!><TT:
39600
equivalence classes.

Example 3.3. If r =8, k =3 and n = 3, then we
have that

1. When I8 acts on F8 ,3 , there are 38 = 6561
equivalence classes.

%. When C8 acts on F8 ,3 , there are

8 % (o(1) x
x(1x3%+1x3"4+2x3%+4x3) =834
4. When S8 acts on F8 ,3 , there are

(3+8 - 1)
=% (3 - 1)
equivalence classes.
§2 . When A8 acts on F8 ,3, there are

8 x (1 x38+322x36+6769 x 34+ 13068 x
32)=45
equivalence classes.

6. When C3 * C5 acts on F8 ,3 , there are
1

15 % (o(1) x
x (1% 3'*+2><3‘)><(1><3"’+-=1><3‘) = 561

1

7. When D6
* D'10 acts on F8 ,3 , there are

.;t

( (l)x%l—ky(%)x%f—k%x%Z) ( (1) x 3% +¢(5) x 3% +5 x%z)
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-AE

1 , , - ,
= x(1x32+2x3'+3x3") x (1 x3°+4x3+5x3%

8. When C3 *.. D10 acts on F8 ,3 , there are

fixed points of g. If this equation does not have

60
=390
equivalence classes.
= * (@(1) x 31 + o (3) x %) x (ap(l) x 31 +¢(5) x 38 +5x 3% )
1 , . ,
=30 (1x3*+2x3)x(1x3°+4x3+5x3%
=429

equivalence classes.
9. When A3 *.. A5 acts on F8 ,3 , there are

M—m X (Ix P +2x3Y) x (1x3°+35x3° +24x 31) =231

equivalence classes.

10. When S3 # S5 acts on F8 ,3 , there are
B+3-1! @B+5-D!_,
Ax(3-1)" 5 x(3-1)

equivalence classes.

3.3 The Set of Some Special Mappings from
XtoY

We can think of a special kind of mappings
from X to Y with ml yl s, m2 y2s,. .., mn

g

yns, so thati=1mi=r,
mi € N,i=1, 2, ...,n and r > n. The set of
such permutations is Zm 1 ,...,mn . We can see

that Zm 1 ,...,mn has
(m1 +ma+ ... +my)!

milms!- - my!
elements. In this subsection, we discuss the
case of the subgroup H of Sr acts on Zm 1
,...;mn . For any g € H such that g has the
form of 1d1 2d2 . . . rdr in Sr . We denote cij
as the number of i-cyclic permutation for yj , i
=1,2,..,randj=1,2, ..n If ais a fixed
point if g, then the following Diophantine
equation

c11 + 200 + .. 1o =my

12 + 2¢00 + ...+ 102 = M2
1
Cin + 200, + ...+ 10O, =M,
e+ +...+ap=d
21 +C22 + ...+ o, = do

'

l cr1 +Co+... .+ o =d,

has an integer solution. Conversely, it is easy
to check that if the equation above has an
integer solution, then g has a fixed point and

every solution means
dy! dy! d,!

!’.’“_!"'Cl_n!!’fgl!“'(fznt !’fr.l_!”'!’f,.n!

Academic Conferences Series (ISSN: 3008-0908)

an integer solution, g does not have a fixed
point. According to Lemma 2.1, when the
subgroup H of Sr acts on Zm 1 ,....mn , the
number of equivalence classes is

77 2 IFix(a)l

geH

Next, we use some special subgroups H acts
onZm1l,..,mn.

1. When Ir acts on Zm 1 ,..,mn there are
(mi4+mae+...+my)!

matmal ma! equivalence classes and
each contains one element.
2. When Cr acts on Zm 1 ,...,mn , for any d|r ,
Cr has o¢(d) elements of the form
da. For any g € C, has the
form of d4, the corresponding Diophantine equation is
degy = my
degz = ma

degn = Mnp
Cq1 + Cge + ...+ Cgp, = :—1
If mi|r,i=1, 2,..,n, then the Diophantine
equation above has a unique integer solution
and g has
(3)!

(2 (2!
fixed points. Otherwise, g has no fixed points.
Thus, by Lemma 2.1, we obtain the number of
equivalence classes.
3. When D2r acts on Zm 1 ,...,mn , for any dJr,
o 1 s en odd feger, then theve exsts ¢(d) elements of the form d5 and r elements of the form
12 = in Cr . The case of the form
d?a is discussed previously. If g
has the form of 12°T, then the corresponding
Diophantine equation is

c11 + 2091 = My

c12 + 2¢02 = ma

Cip + 209, =My,
ci1+ciz2+...+cp=1

Col +Co2 + ...+ Cop = PEL
If the Diophantine equation above has an
integer solution, then g has

(=)
Corle o]
fixed points. Otherwise, g has no fixed points.
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Thus, by Lemma 2.1, we obtain the number of
equivalence classes.
* If r is an even integer, then there exists ¢(d)

elements of the form 92 ,
5 elements of the form 122

- e r r ,
T, md ! 5 elements of the fom 22 i €. The case of the form ¢7 and 07 are iscussed

prev10usly If g has the form of 122

= , then the corresponding Diophantine equation is

€11 + 2c21 = my
€12 + 2Co5 = My

Cin + 2¢2n = My
(.’u‘l’(.’lg—l'...—l'(’ln:?
(‘gl—l-f‘gg—l—...—l—r‘gn:%

If the Diophantine equation above has an
integer solution, then g has

20 ()
!’.‘“l c ’fln! !’.’21! re !’.’gnl
fixed points. Otherwise, g has no fixed points.
Thus, by Lemma 2.1, we obtain the number of
equivalence classes.
4. When Sr actson Zm 1 ,....mn , forany a €
Zm 1 ,...mn , there exists ml !m2 !...mn!
elements in Sr such that a can be a fixed point
of them. By Lemma 2.1, the number of

equivalence classes is ,
|b | Z |Fix(g)| = :rm(ml my!) = 1.

gES,
In other words, when Sr acts on Zm 1 ,....mn ,
it only creates 1 equivalence class, and every
element is considered equivalent.
5. When Ar acts on Zm 1 ,...,mn , for any a €
Zm 1 ,...mn , there exists m—1—1m22!.. . mn!
elements in Ar such that a can be a fixed point
of them. By Lemma 2.1, the number of
equ1valence classes i 1s ' | |

2 7! mql..om,,!

|4 ] q; [Fix(g r”rm’ M 2 =1
In other words, when Ar actson Zm 1 ,...mn ,
it only creates 1 equivalence class, and every
element is considered equivalent.
For any subgroup H1 in Sk and subgroup H2
in Sr—k, when an inner direct product group
Hl * H2 actson Zm 1 ,...mn , if gl € HI1
has the form 1d1 2d2 ...rdr in Sr and g2 € H2
has the form lel 2e2 ...rer in Sr, then gl * g2
has the form of 1d1 +el —r2d2 +e2 ...rdr +er .
Thus, if we obtain the form of all elements in
H1 * H2 , then we can solve the
corresponding Diophantine equations and
calculate the number of equivalence classes by
Lemma 2.1.
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Example 3.4. Ifr=8,k =3, ml =3, m2 = 3,
and m3 = 2, then we have that 1. When I8 acts
on Z_3' ,3 .2, there are

3!
a0
equivalence classes
2. When CS8 acts on Z3 ,3 ,2 , we consider the
following 4 cases:
(a) C8 has an element of the form 18 , and this

element has 30372 = = 560 fixed points. (b) C8
has an element of the form 24 , but there are
no fixed points.

(c) C8 has 2 elements of the form 42 , but
there are no fixed points.

(d) C8 has 4 elements of the form 81 , but
there are no fixed points. Thus, there are

_£ x h60 = 70

3

equivalence classes.

3. When D16 acts on Z3 ,3 ,2 , we consider the

following 5 cases:

(a) D16 has an element of the form 18 , and
this element has s = 560 fixed points. (b)
D16 has 5 elements of the form 24 , but there
are no fixed points.

(c) D16 has 2 elements of the form 42 , but
there are no fixed point

(d) D16 has 4 elements of the form 81 , but
there are no fixed points.

(e) D16 has 4 elements of the form 1223 , and

each element has o x T = 12 fixed points.

Thus, there are
1

16 % (1 x 560 + 4 x 12) =38

equivalence classes.

4. When S8 acts on Z3 ,3 ,2 , there is 1
equivalence classes.

5. When A8 acts on Z3 ,3 ,2 , there is 1
equivalence classes.

6. When C3 * C5 acts on Z3 ,3 )2, we
consider the following 4 cases:

(a) C3 * C5 has an element of the form 18 ,
!
and this element has 332 = 560 fixed points.

(b) C3 * C5 has 4 elements of the form 1351 ,
but there are no fixed points.

(c) C3 * C5 has 2 elements of the form 1531,
and each element has ()H'zf X U(l}' "+ m*zf X nfl'nf
=20

fixed points.

(d) C3 * C5 has 8 elements of the form 3151 ,
but there are no fixed points.
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Thus, there are

1

15 x (1 x 560 + 2 x 20) = 40

equivalence classes.

7. When D6 * DI10 acts on Z3 ,3 ,2 , we

consider the following 9 cases:

(a) D6 * D'10 has an element of the form 18,
and this element has o = 560 fixed points.
(b) D6 * D'10 has 3 element of the form 1621

6! 1! 6!

and each element has 3'3'0! x 00!l + 301121 x oli'of
6! 1!

+ TEI2 x TN = 140 fixed points.

(©) D6 * D'10 has 2 elements of the form 1531
and each element has o' 7 x TO + o

()’l‘(}’ =20

fixed pomts.

(d) D6 * D'10 has 5 elements of the form 1422

, and each element has *'1‘0’ X 0'1‘1’ + l'*‘“' X
2|
110! + Uuzr X mw =40 fixed pomts

(e) D6 * D'10 has 15 elements of the form

2! _ar
1223 , and each element has 110! x 110! = 12
fixed pomts.
() D6 * D10 has 10 elements of the form

1 2!

112231 , and each element has 1omr x 1on x
ori'of + ori'or X ori'u X U(l)'or = 4 fixed points.
(2) D6 * D'10 has 4 elements of the form 1351
, but there are no fixed points.

(h) D6 * D'10 has 12 elements of the form
112151, but there are no fixed points.

(1) D6 * D'10 has 8 elements of the form 3151,
but there are no fixed points.
Thus, there are

1

60 x (1 x560+3 % 140+2 x20+5 x40+ 15
x 12+ 10x4)=24

equivalence classes.

8. When C3 * D10 acts on Z3 ,3 ,2 , we
consider the following 6 cases:

(a) C3 * D'10 has an element of the form 18,
and th1s element has T = 560 fixed points.
(b) C3 * D'10 has 2 elements of the form 1531

]_l
, and each element has 132! *'2’ X 100l + %'0‘2' X
ll

ool =20
fixed points.

(c) C3 * D'10 has 4 elements of the form 1351
, but there are no fixed points.
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(d) C3 * D'10 has 8 elements of the form 3151
, but there are no fixed points.

(e) C3 * D'10 has 5 elements of the form 1422 ,

and each element has arl'or X orf'u + ua'or X Uo'u
4! 2!

+ 12t x 111tol = 40 fixed points.

(f) C3 * D10 has 10 elements of the form

1! 2!
112231 , and each element has !0 x Tomt x
i 2! 1!
(}'1‘()' + ool x ol x ool = 4 fixed points.

Thus, there are
1

30 x (1 X 560 +2 % 20 + 5 x 40 + 10 x 4) = 28

equivalence classes

9. When A3 * A5 acts on Z3 ,3 ,2 , we

consider the following 7 cases:

(a) A3 * A5 has an element of the form 18 ,
8!

and this element has 33121 = 560 fixed points.

(b) A3 * AS has 22 elements of the form 1531 ,

1!
and each element has ™ a'zf X 10T0r + afo*zf X ofuof
=20
fixed points.

(c) A3 * A5 has 40 elements of the form 1232,

2! 2!

and each element has 00’21 x 11! = 2 fixed

pomts

(d) A3 * A5 has 15 elements of the form 1422 ,
21 41 21

and each element has aruor X O + 113100 x 110!
+ ul!z! X ui!ot =40 fixed pomt&

(e) Aé * As has 30 elements of the form
ll‘2231 3 and eza'lch ele:lment has ot X ot X
orit + orro! x ofnfil x molo! = 4 fixed points

® A3 * A5 has 24 elements of the form 1351

but there are no fixed points. (g) A3 * A5 has
48 elements of the form 3151 , but there are no
fixed points.

ThlilS, there are

Ul x (1% 560 +22 x 20+ 40 x 2 + 15 x 40
+30%x4)=10
equivalence classes.

10. When S3 * S5 acts on Z3 ,3 ,2 , we
consider the following 15 cases:

(a) S3 * S5 has an element of the form 18 , and
8!

this element has 33" = 560 fixed points.

(b) S3 *S5 has 13 element of the form 1621

al G!
and each element has 3'3'0! x 0"0"1" + 3z x oruor

95



G Academic Education
H Publishing House

6! 1!
+ 113121 x 110! = 140 fixed points.

(c) S3 * SS has 22 elements of the form 1531

and each element has 0! ;'zf X 1!0‘0’ + *.r{)):zf X {)'l'{)’
=20

fixed points.

(d) S3 * S5 has 45 elements of the form 1422 ,

2!
and each element has srm' X {)'l'l’ + mw x Tt

_4l a2t
+ 1721 x 110! = 40 fixed po1nts.
(e) S3 * S5 has 100 elements of the form

3! 1!
132131 , and each element has 300" x 0fOI x
! 3! 1! 1! 3! 1! 1!
ool 4+ ol3tol x ool x 1tolo! 4+ ofal2l x otlo! x 1lolo!
3! 1! 1!
+ T020 x T0WF x 010" = 8 fixed points.

® S3 * SS has 40 elements of the form 1232,
2!

and each element has ooE X T = = 2 fixed

points. (g) S3 * SS has 45 elements of the form

2! 3!
1223, and each element has 1! x 1 = 12
fixed points.

(h) S3 * S5 has 90 elements of the form

112231 and each element has OO X T x
{)'l:w + nrmr X {)'l'l’ X mlmr =4 fixed p01nts

(1) S3 * SS has 30 elements of the form 1441 ,
but there are no fixed points.

(G) §3, * §5, has 90 elements of the form
122141 , but there are no fixed points. (k) §3,
*§5, has 60 elements of the form 113141 , but
there are no fixed points.

(1) §3, * §5, has 40 elements of the form 2132,

and each element has oo x THE = 2 fixed
points.
(m) §3, * §5, has 24 elements of the form 1351
, but there are no fixed points. (n) §3, * §5, has
72 elements of the form 112151 , but there are
no fixed points. (0) §3, * §5, has 48 elements
of the form 3151 , but there are no fixed points.
Thus, there are

1
BUXBlx (1 x 560 + 13 x 140 + 22 x 20 + 45 x
40+ 100 x8+40%x2+45%x12+90 x4 +40
x2)=9
equivalence classes.

4. Applications

In this section, we give some application of
this topic. For example,

1. How many ways are there to arrange 9
people in a circle? In this case it’s C9 acting

on )19 ,9 . We need to calculate the number of
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equivalence classes when C9 acts on 9 ,9 .

There are

ol
= 8 = 40320
9 x (9—9)!

equivalence classes, thus there are 40320 ways
to arrange 9 people in a circle.

2. How many necklaces can be made from 3
red beads, 3 yellow beads, and 3 green beads?
In this case it’s C9 acting on 33 ,3 ,3 . We
need to calculate the number of equivalence
classes when C9 acts on 33,3 ,3 . We consider
the following 3 cases:

(a) C9 has an element of the form 19 , and this

element has 333! g = 1680 fixed points. (b) C9
has 2 elements of the form 33 , and each

3!
element has 111" = 6 fixed points.
(c) C9 has 6 elements of the form 91 , but
there are no fixed points. Thus, there are

~ % (1 x 168042 x 6) = 188

equivalence classes. In other words, there are
188 different kinds of necklaces which can be
made from

3 red beads, 3 yellow beads, and 3 green beads.
3. How many bracelets can be made from 3
red beads, 3 yellow beads, and 3 green beads?
In this case it’s D18 acting on 33 ,3 ,3 . We
need to calculate the number of equivalence
classes when D18 acts on 33 ,3 ,3 . We
consider the following 4 cases:

(a) D18 has an element of the form 19 , and

9!
this element has 335! = 1680 fixed points. (b)
D18 has 2 elements of the form 33 , and each

element has T = 6 fixed points.

(c) D18 has 6 elements of the form 91 , but
there are no fixed points.

(d) D18 has 9 elements of the form 1124 , but

there are no fixed points. Thus, there are
1

18 x (1 x 1680 + 2 x 6) =94

equivalence classes. In other words, there are
94 different kinds of bracelets which can be
made from

3 red beads, 3 yellow beads, and 3 green beads.
4. How many bead sequences can be made
from 3 red beads, 3 yellow beads, and 3 green
beads, and the first 4 beads and the last 5
beads are each considered as necklaces,
respectively? In this case it’s

C4 x C5 acting on Z3 ,3 ,3 . We need to
calculate the number of equivalence classes

when C4 x C5 acts
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onZ3.3.3. We consider the following 6 cases:

(a) C4 x C5 has an element of the form 19,
and th1s element has T = 1680 fixed points.
(b) C4 x C5 has 2 elements of the form 1541,
but there are no fixed points.

(c) C4 x C5 has an element of the form 1522,

21
and each element has s x ol x 3 =120
fixed
pomts

(d) C4 % C5 has 4 elements of the form 1451,

but there are no fixed points. (e) C4 X C5 has 4
elements of the form 2251 , but there are no

fixed points. (f) C4 x CS5 has 8 elements of the
form 4151 , but there are no fixed points.
Thus, there are
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)l( x (1 x 1680+ 1 x 120) =90

equivalence classes. In other words, there are
90 different kinds of necklaces which can be
made from 3 red beads, 3 yellow beads, and 3
green beads and the first 4 beads and the last 5
beads are each considered as necklaces,
respectively.
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