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Abstract: There are many advantages to
apply the simple catenary in railway
industry, such as simple structure, low
investment, convenience repair and good
dynamic performance. The simple catenary
has been built more and more in the main-
lines and the metro. This paper concerns on
calculating the static shape of pre-sag contact
wire. First, based on the parabola element,
the process of calculating the static shape
under the influence of the gravitational field
and the wind field is given. The equations of
the static shape of contact wire and
messenger wire in different coordinate
systems have been deduced. Finally, by
comparing the finite element simulation
results, the calculation method has been
verified. In addition, it also can calculate the
length of the drops and the allowed wind
blow.
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1. Introduction

The static geometric parameters of the contact
wire are key parameters characterizing the static
performance of the catenary system and exert

significant influence on the pantograph-
catenary dynamic interaction. Consequently,
standards such as Construction Quality

Acceptance Standards for High-Speed Railway
Electric Traction Power Supply Engineering [1]
and Rules for Operation and Maintenance of
High-Speed Railway Catenary Systems [2]
stipulate strict requirements for construction
deviations of contact wire static geometric
parameters.  Theoretically,  precise  pre-
calculation of catenary static geometry should
be performed based on design values of contact
wire static geometric parameters before
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construction, followed by precise prefabrication
of droppers and elastic hangers, and precise
installation and fixing of the catenary geometry
during construction according to pre-calculated
positions of droppers and elastic hangers, so as
to achieve the design values of contact wire
static geometric parameters. However, in
practical engineering, construction deviations of
contact wire static geometric parameters
inevitably arise due to surveying errors,
calculation errors, installation errors,
environmental condition variations, and other
factors. In such cases, the catenary static
geometry clearly incorporates construction
deviations. It is this catenary static geometry
accounting for construction deviations that
represents the actual operational condition
ultimately delivered to the client and put into
service.

Scholars worldwide have conducted -certain
research on catenary static geometry calculation.
References [3-11] discretized the catenary
system into several exact cable elements or
cable-bar composite elements, cable-beam
composite elements, and calculated the static
geometry of the catenary system using the
nonlinear finite element method to obtain
prefabricated lengths of droppers. References
[12-15] discretized the catenary into several
straight bar elements or parabolic cable
elements, catenary cable elements, and
calculated the static geometry using classical
mechanics methods to determine prefabricated
dropper lengths. References [16-18] developed
commercial software for catenary dropper
prefabrication using computer programming
technology based on numerical or analytical
calculation methods for catenary static
geometry.  References [3-11] essentially
represent a numerical algorithm for static
equilibrium problems of cable-net structures,
while references [12-15] constitute an analytical
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algorithm. Compared with numerical algorithms,
analytical algorithms offer advantages such as
intuitively reflecting the mathematical and
physical relationships among parameters,
requiring no iterative integration, and faster
computation speed, while demanding less
computational expertise from engineers, thus
being widely adopted in catenary engineering
practice. Currently, research on catenary static
geometry  calculation focuses on  the
construction prefabrication stage, with few
studies addressing post-construction catenary
static geometry calculation. The dropper lengths
or force states of the catenary system known to
operation and maintenance departments are
based on ideal conditions. Therefore, research
work on analytical calculation of catenary static
geometry  accounting  for  construction
deviations is highly necessary.

This study proposes an analytical calculation
method for catenary statics using parabolic
elements as the fundamental unit and classical
mechanics as the computational Dbasis,
considering pre-sag of the contact wire, to
calculate the static shape of simple catenary
suspension under self-weight and under
combined effects of lateral wind and self-
weight.

2. Analytical Calculation Procedure

For actual catenary systems that have been
constructed or put into operation, static
geometric parameters are measured using
catenary detection equipment to analyze the
static shape of a pre-sagged simple catenary
suspension under self-weight. The procedure
begins with a force analysis of the simple
catenary suspension, as illustrated in Fig. 1.
Based on the pre-sag value (e.g., 0.05% of span
length), the approximate static shape of the
contact wire with pre-sag is calculated, shown
as the dashed line in Fig. 1. Subsequently, the
contact wire within each dropper interval is
treated as a parabolic element with unequal-
height suspension to compute the dropper nodal
forces, denoted as Fito Fsin Fig. 1. Finally, the
moment method is employed to calculate the
vertical displacements at each dropper point of
the messenger wire under the combined action
of dropper forces and self-weight, and the
messenger wire within each dropper interval is
treated as a parabolic element with unequal-
height suspension to determine its static shape.
The static calculation flowchart is presented in
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Fig. 2.

For the analytical calculation of static geometry
of catenary systems considering construction
deviations, the following assumptions are made:
1)Considering that the catenary system is a
simple catenary suspension and the stagger is
very small relative to the span, the static
geometry of the catenary system is assumed to
be in the same plane;

2)Considering that the conductors of a fully
compensated catenary suspension are made of
similar materials and the tension variation
caused by temperature is relatively small, the
effect of dropper inclination is neglected;
3)Considering that the nominal span of high-
speed railway catenary systems is relatively
small, the difference in dropper lengths is
minimal, and the self-weight per unit length is
low, the self-weight of each dropper is assumed
to be identical.

In the absence of measured data for stitch wires
and support point construction deviations, the
static shape calculation for stitched catenary
suspension assumes the following:
1)Considering that the ratio of stagger to span is
very small, the static geometry of the catenary
suspension in the direction of stagger is

neglected;
2)The contact wire has no pre-sag;
3)The height of contact wire dropper

suspension points is calculated based on
nominal values;

4)Support points, registration points, and stitch
wires are at equal elevation;

5)Registration points and support points have
the same horizontal coordinate;

6)The tensile deformation of droppers
neglected;

7)The distance from the messenger wire
suspension point of the stitch wire to the
support point along the track centerline is half
the length of the stitch wire;

8)It is assumed that the horizontal tension at the
two nodes of a parabolic element is equal in
magnitude and opposite in direction;

9)The suspension points of the messenger wire
and contact wire have degrees of freedom only
along the direction of tension T.

Based on the above assumptions, a mechanical
analysis model for the stitched catenary
suspension system is established, as shown in
Fig. 1. Support point 1 is set as the coordinate
origin of the model, and the xoy coordinate
system serves as the global coordinate system
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Flgure 1 Schematlc Dlagram of Key Nodes
in Stitched Catenary Suspension System.
The static shape calculation of a stitched
catenary suspension system under self-weight is
divided into four steps: first, perform force
analysis of the suspension to determine the
magnitude and direction of dropper forces and
tensions; second, calculate the static shape of
the contact wire to obtain dropper nodal forces;
third, input these forces into the stitch wires to
determine their installation nodal forces; and
finally, calculate the static shape of the
messenger wire to determine the final dropper
lengths. The specific procedure is shown in Fig.

Stitch Wire Static
Shape Calculation

Figure 2. Analytical Calculation Procedure
for Static Geometry of Catenary Systems
Considering Construction Errors.

3. Analytical Calculation Method

3.1 Contact Wire Static Geometry

The calculation of contact wire static geometry
is composed of several parabolic elements with
unequal-height suspension, as shown in Fig. 3.

Registration Point 1

-
()

Flgure 3. Static Geometry of Contact Wire
Considering Construction Errors.
Without loss of generality, take a small arc
segment between two dropper nodes as an
example to calculate its static shape. The actual
arc length is approximated by a parabolic
element with unequal-height suspension. Since
the spatial coordinates of the dropper
suspension points are known, the static
geometry of the contact wire between any two
droppers or between the first dropper and the

registration point within a span is given by:

_ g/(xl{ _xdwl)(x‘h _xd)+ Vi = Vaia (X —x )+
= Y @ " Xa )T Vai o 1
J Xai — Xgi-1 ( )
X, €[y Xy i=1 ny n+1x,,=x, =0,x,,,=xp,=1
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Where, g; is the unit length self-weight of the

contact wire (N/m); 1 is the span length (m).
Thus, the static geometry of the contact wire
within each dropper interval is fully determined.
Since the shape of a parabolic element is
controlled by its two nodes, conversely, the
determined static geometry of the contact wire
enables calculation of the registration point
forces and each dropper nodal force.
Furthermore, as each dropper suspends two
parabolic elements, the dropper force consists
of two components.
In addition to bearing the self-weight of the
contact wire, the dropper must also account for
its own weight. Since the droppers are relatively
lightweight, it is assumed that the self-weight of
each dropper is identical, all equal to w.
Based on the force analysis of unequal-height
parabolic elements, the internal force of the i-th
dropper is:

fi:g,'(xdm = X;) D —deT/ n

2 Xy — Xy
i=1,...

Yaini — Yai
~ T, +w
Xai

2)

R

51 X400 = Xp1sVao = Voo Xan = Xp2s Vw1 = V2

3.2 Stitch Wire Static Geometry

Support Point
X

Figure 4. Stitch Wire Static Geometry.
The supporting force at suspension point ti is:
_& (=) A G = ) (e =X )T () 3)

2 (3% =)
“4)

8 (50 ) |05 =)+ A (5 5 )- T, =% )
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Where, & s the unit length self-weight of the
stitch wire (N/m).

The stitch wire between suspension point tn
and dropper point n or dropper point 1 is treated
as a parabolic element. Since the moment at the
node of a parabolic element is zero under static
equilibrium, the vertical displacement of the nth
dropper node in the adjacent span is:

N,

n

N, =

N (x! — - 2
= Ml ;" ALY )
t
N/ 2-
v, = m( ur) g, T Xen / fn n)+}’L'n (6)

Using the same method described above, the
vertical displacement of the nth dropper of the
other stitch wire can be readily obtained. At this
point, the coordinates of each dropper node of
the stitch wire have been determined. The static
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shape calculation of the stitch wire follows
Equation (6). In the xoy coordinate system, the
static shape function of the stitch wire is

& (5 =) (e =x) v =,
y = G ’)+y’,' Lo Yt e el ]
21, Xy =X,

(7
I(xL _x1,:1) X =% - ’;1 ’ ' 4
- g ZT( i )Jri’u _i’: @& —x))4.x € o x, 1 (8)
t t1 n
_ g1(xt _le)(xcl % ) + Yel
‘ 27}

— (x, = x, ), ,x, € [xmx(‘l] (9)

X1 =X
As the stitch wire position cannot be measured,
the horizontal coordinate is assumed to be the

construction prefabrication value.

3.3 Messenger Wire Static Geometry

The messenger wire is subjected to its self-
weight, intermediate dropper forces, and forces
at stitch wire suspension nodes. With a support
point as the origin, the xoy coordinate system in
Fig. 5 is established. It is assumed that the static
shape of the messenger wire consists of several
unequal-height suspended parabolic elements,
where the horizontal coordinates of each
dropper node and stitch wire node are known
quantities.

()
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Figure 5. Messenger Wire Static Geometry.
First, perform force analysis on the messenger
wire. According to the static equilibrium
condition of parabolic elements, the horizontal
tension at the two nodes is equal in magnitude

and opposite in direction, which gives Te = T

- I Additionally, since the conductor tension
from the compensation device to the first stitch
wire node is the compensation tension, the

messenger wire tension Tet petween stitch
wires equals the difference between the

messenger wire compensation tension Te and

the stitch wire tension 1.
The supporting force at messenger wire support
point 2 is:

& (xc _x(‘!)+ &S, (3 = %) T (2 =ver)

T (v —xa1) (Y2 =%er)

.- Si=ng =N, (10)

N, = 8. (xczzix(fl)

S (e = %) T, (Ver = Ver)
; (%2 = xc1) (¥es = xcr) (1 1)
Where g_c is the unit length self-weight of the
messenger wire (N/m).

Therefore, the messenger wire between support
point 1 and stitch wire node 1 is treated as a
single parabolic element. Since the moment at a
parabolic element node is zero under static
equilibrium, the vertical displacement of stitch
wire node 1 is obtained as:

N, (x, —xq) 7Tge (%1 —Xe1) /2 .

ct

(12)

Ve =

N (5 =) =8 (5 =V 2 2o (5 =0 )+ T T

= i=2.0 (13)

At this point, the coordinates of each dropper

node and stitch wire of the messenger wire have

been determined. The static geometry

calculation of the messenger wire follows

Equation (13). In the xoy coordinate system, the

static geometry function of the messenger wire
is:

X, —X X, —X -y
y, = SO ) ST ey el

g
i=1,n+1,X,0 = X0, Vg = Vers Xt = Xc2s Vorr1 = Voo
Through the above derivation, the positions of
each dropper point and stitch wire node of the
messenger wire are obtained. By substituting
Equation (12) into Equation (5) and Equation
(6), and considering that the stitch wire
installation points are at equal elevation, the
coordinates of the nth dropper node and the 1st
dropper node can be determined. The dropper
length is then calculated as:
6 =D-y,+y
¢=D—y,+yc,i=2+..... n—1

Yei =

Xei ™ Xeio

(15)

¢, =D =y, + ¥
Where D is the structural height.

4. Calculation Example

To wverify the accuracy of the proposed
calculation method, the catenary system of the
Beijing-Shanghai High-Speed Railway is taken
as an example. The specific parameters are
listed in Table 1.

Table 1. Design Parameters of Catenary System for Beijing-Shanghai High-Speed Railway.

Item Value Item Value
Nominal span | (m) 50 Stitch wire length 1t (m) 18
Messenger wire type JTMHI120 Stitch wire type JTMH35
. Unit length self-weight of stitch
Contact wire type CTMH150 wire g (N/m) 0.311%9.8
Unit length self-weight of . . .
messenger wire g. (N/m) 1.065*%9.8 Stitch wire tension Tt (kKN) 3.5
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Unit length self-weight of . .
contact wire g (N/m) 1.350*9.8 Dropper spacing (m) 8
Messenger wire tension T.(kN) 20.0 Number of droppers 6
Contact wire tension T; (kN) 315 Dlstanc.e froom st firopper to 5
registration point (m)
Structural height D (m) 1.6 Dropper self-weight (N) 5

A finite element model of the catenary system
with identical parameters was established for
comparison with the calculation results.

The parameters above were substituted into the
aforementioned formulas, and the resulting
computational and simulation results are
presented in Table 2,Table 3,Table 4 and Table
5. The horizontal coordinates in the tables are

very close; to emphasize the vertical
coordinates, the horizontal coordinates of the
simulation results were rounded.

The comparison shows that the calculated
dropper lengths are in very close agreement
with the simulation results, with a
discrepancy of only approximately 1 mm.

Table 2. Contact Wire Dropper Node Coordinates and Nodal Forces.

Dropper Computational Simulation Coordinates | Computational Nodal |Simulation Nodal Force
No. Coordinates (m) (m) Force (N) N)
1 (5,5.3) (5,5.3-0.00083) 86.8950 86.46386
2 (13,5.3) (13,5.3-0.00084) 106.7400 106.26526
3 (21,5.3) (21,5.3-0.00088) 106.7400 106.35665
4 (29,5.3) (29,5.3-0.00088) 106.7400 106.35665
5 (37,5.3) (37,5.3-0.00084) 106.7400 106.26526
6 (45.,5.3) (45,5.3-0.00083) 86.89500 86.46387
Table 3. Stitch Wire Node Coordinates.
Stitch Wire | Computational Simulation Dropper Computational Simulation
No. Coordinates (m) | Coordinates (m) No. Coordinates (m) Coordinates (m)
n (-9,6.045) (-9,6.6044) n (-5,6.4808) (-5,6.48127)
1 (9,6.045) (9,6.6044) 1 (5,6.4808) (5,6.48127)
Table 4. Messenger Wire Dropper Node Coordinates.
Dropper Computational Simulation Dropper Computational Simulation
No. Coordinates (m) Coordinates (m) No. Coordinates (m) Coordinates (m)
2 (13,6.5325) (13,6.5325) 4 (29,6.4564) (29,6.4563)
3 (21,6.4564) (21,6.4563) 5 (37,6.5325) (37,6.5325)
Table 5. Dropper Length.
Dropper | Calculated | Simulated | Dropper | Calculated | Simulated | Dropper | Calculated | Simulated
No. |[Length (m)| Length (m) No. |Length (m)| Length (m) No. [Length (m) | Length (m)
1 1.1808 1.1821 2 1.2325 1.2333 3 1.1564 1.1572
4 1.1564 1.1572 5 1.2325 1.2333 6 1.1808 1.1821

The static geometry of the stitched catenary
suspension calculated using this method and that
obtained from finite element simulation are
shown in Fig. 6, Fig. 7, andFig. 8. As can be
seen, except for a certain overall downward
displacement of the contact wire simulation
curve, the curve shape is in very close agreement
with the calculation results (the overall
downward displacement is primarily caused by
the tensile deformation
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Figure 6. Static Geometry of Contact Wire
Under Self-Weight.
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Figure 7. Static Geometry of Messenger Wire
Under Self-Weight.
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Figure 8. Statlcéeometry of Stitched
Catenary Suspension Under Self-Weight.
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Construction errors of the catenary system can
be obtained by collecting contact wire height
data from existing lines. As shown in the lower
subfigure of Fig. 9, the contact wire profile
from a section of the Beijing-Shanghai High-
Speed Railway with relatively poor geometric
smoothness exhibits noticeable negative sag at
mid-span in the area marked by the red
elliptical outline. Applying the algorithm
presented in this paper, the geometric shape of
the contact wire can be reconstructed, as
demonstrated by the comparison between the
calculated curve and the measured curve in Fig.
9.
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Figure 9. Comparison of Measured and
Reconstructed Contact Wire Geometry for
Beijing-Shanghai High-Speed Railway.

By utilizing measured geometric parameter
deviations of the catenary system, the
suspension geometry under the combined
influence of self-weight and geometric
parameter deviations can be analytically

calcTUIated, as shown in Fig. 10.
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Figure 10. Static Geometry of Stitched
Catenary Suspension Under Self-Weight and
Construction Errors.

5. Conclusions

1)This paper first derives the calculation
formulas for two types of parabolic elements.
Based on these parabolic elements, a calculation
procedure for the static shape of simple
catenary suspension under self-weight is
presented, along with formulas for calculating
the static shapes of pre-sagged contact wire and
messenger wire in different coordinate systems,
and the calculation formula for dropper length.
2)After calculating the static shape of simple
catenary suspension under self-weight, the
horizontal static shape of the catenary system
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under lateral wind influence is equivalently
represented using parabolic elements. The
vertical and lateral static shapes are then
synthesized to obtain the three-dimensional
static shape of the catenary suspension.
3)Applying this calculation method, the static
shapes of the Beijing-Tianjin Intercity Railway
catenary under gravity field and under
combined gravity field and lateral wind
influence are computed. Comparison with finite
element simulation results shows that the
calculated static shape of the contact wire
closely matches the simulation results. The
calculated static shape of the messenger wire
shows only slightly larger vertical displacement
than the simulation results, with the difference
being very small (on the order of 1072), which
meets engineering application requirements.
The accuracy of this calculation method is thus
verified through comparison with finite element
simulation.

4)This research enables dropper prefabrication
calculations and wind deflection verification
calculations for simple catenary systems,
effectively guiding the design and construction
of catenary systems.

5)This calculation method is applicable not only
to pre-sagged catenary systems but also to
catenary systems without pre-sag.

6)It facilitates mastering the actual force state

of the catenary system, guiding precise
measurement and maintenance of actual
catenary  systems, and improving the

operational quality of catenary systems.
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